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We show that every complex separable inﬁnite dimensional Fréchet space admits hyper-
cyclic polynomials of any degree. This result complements the analogous one for the linear
case, due to Ansari, Bernal, Bonet and Peris.
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A continuous and linear operator T on a Banach space X is said to be hypercyclic if there exists a vector x ∈ X whose
orbit {x, T x, T 2x, . . .} is dense in X . Independently, S.I. Ansari [1] and L. Bernal-González [6] proved that every separable
inﬁnite dimensional Banach space admits a hypercyclic operator, answering thus a question posed by Rolewicz [26] in the
late sixties. Later, J. Bonet and A. Peris [12] were able to prove it for Fréchet spaces (complete and metric locally convex
spaces).
Concerning the hypercyclicity of polynomials, N.C. Bernardes [8] showed that for d > 1 there are no continuous d-
homogeneous hypercyclic polynomials on any Banach space. On the other hand, it is known that there are chaotic
d-homogeneous polynomials on the countable product of lines ω := CN , endowed with the product topology (a separa-
ble Fréchet space); and also there are chaotic non-homogeneous polynomials on the sequence Banach space p (see [24]
and [25]). Some examples of homogeneous hypercyclic and chaotic polynomials on spaces of continuous functions can be
found in [2]. It is the aim of this note to show that hypercyclic polynomials of any degree greater than 1 may be deﬁned
on any complex separable inﬁnite dimensional Fréchet space.
Contrary to the linear case, in which the are “computable” criteria for hypercyclicity and chaos [19,9,7,5,16,14], mixing
[15,4], frequent hypercyclicity [3,21,13] and disjoint hypercyclicity [10], no criteria is available for the hypercyclic or chaotic
behaviour of polynomials. This fact shows the diﬃculties to obtain hypercyclic polynomials on Banach or Fréchet spaces.
Our construction is partially based in the ideas of [12], in which one needs certain bi-orthogonal sequence (xi, f i)i∈N ⊂
E × E ′ to construct the desired polynomial.
Our notation is standard; we refer to the monograph [23] for Fréchet spaces and to [18] for polynomials on locally
convex spaces.
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Proof. We know the result is true for ω [24]; assume thus E = ω. In this case there are a bounded sequence (xi)i ⊂ E
and an equicontinuous sequence ( f i)i ⊂ E ′ such that span{xi / i ∈ N} = E , 〈xi, f j〉 = 0 if i = j, and (αi)i := (〈xi, f i〉)i is a
decreasing sequence in ]0,1[ (see [12]).
Now, given a positive integer d and a decreasing sequence of positive weights (vi)i such that
∞∑
i=1
vi+1
vi
1
αd+1i+1
< ∞,
we deﬁne the polynomial on E
P (x) := x+
∞∑
i=1
xi
vi+1
vi
pi(x),
where
pi(x) :=
(
α−1i+1〈x, f i+1〉 + viα−1i α−1i+1〈x, f i〉〈x, f i+1〉
)( d−1∑
j=0
(
vi+1α−1i+1〈x, f i+1〉 + 1
) j)
.
It is clear that
pi(x) =
d+1∑
j=1
qi, j(x)
where qi, j : E → C is a continuous j-homogeneous polynomial and, by the equicontinuity of ( f i)i and the properties of (αi)i ,
there exists a 0-neighbourhood U such that |qi, j(x)| α− ji+1 for all x ∈ U and for every i ∈ N, j ∈ {1, . . . ,d+ 1}. The selection
of (xi)i and (vi)i shows that
Q j(x) :=
∞∑
i=1
xi
vi+1
vi
qi, j(x), x ∈ E,
deﬁnes a continuous j-homogeneous polynomial Q j : E → E for j = 1, . . . ,d + 1. Therefore
P (x) = x+
d+1∑
j=1
Q j(x)
is a polynomial of degree d + 1 on E .
We claim that P : E → E is hypercyclic. In order to prove this, we ﬁrst consider the polynomial
Q : 1(1/v) → 1(1/v): (zi)i →
(
(zi + 1)(zi+1 + 1)d − 1
)
i,
where 1(1/v) is the weighted 1-space associated to 1/v := (1/vi)i . Let B be the backward shift B((xi)i) := (xi+1)i deﬁned
on 1(1/v). Observe that the decreasing condition imposed to (vi)i ensures continuity of B and Q . We may consider the
following diagram
1(1/v) T
ϕ
1(1/v)
ϕ
1(1/v)
Q
1(1/v)
where T := I + dB and ϕ((zi)i) := (ezi − 1)i . We have Q ◦ ϕ = ϕ ◦ T , T is hypercyclic [27], and ϕ is a continuous map with
dense range. Then Q is hypercyclic on 1(1/v) (see [22, Lemma 2.1]).
We now deﬁne the polynomial Q := D−1v ◦ Q ◦ Dv : 1 → 1, where Dv : 1 → 1(1/v) is the usual diagonal isomorphism
(zi)i → (vi zi)i . An easy computation shows that
Q
(
(zi)i
)= ((zi + 1
vi
)
(vi+1zi+1 + 1)d − 1
vi
)
i
and, obviously, it is also hypercyclic on 1.
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range. Finally, to show the hypercyclicity of P we check that the equality P ◦ φ = φ ◦ Q holds. Consider (zi)i ∈ 1 and let
x :=∑∞i=1 zixi . On one hand we have
P
(
φ
(
(zi)i
))= P
( ∞∑
i=1
zixi
)
=
∞∑
i=1
zixi +
∞∑
i=1
xi
vi+1
vi
pi(x)
=
∞∑
i=1
zixi +
∞∑
i=1
xi
vi+1
vi
(zi+1 + vi zi zi+1)
(
d−1∑
j=0
(vi+1zi+1 + 1) j
)
=
∞∑
i=1
(
zi +
(
zi + 1
vi
)(
(vi+1zi+1 + 1) − 1
)( d−1∑
j=0
(vi+1zi+1 + 1) j
))
xi
=
∞∑
i=1
(
zi +
(
zi + 1
vi
)(
(vi+1zi+1 + 1)d − 1
))
xi =
∞∑
i=1
((
zi + 1
vi
)
(vi+1zi+1 + 1)d − 1
vi
)
xi .
On the other hand
φ
(
Q
(
(zi)i
))= ∞∑
i=1
((
zi + 1
vi
)
(vi+1zi+1 + 1)d − 1
vi
)
xi = P
(
φ
(
(zi)i
))
.
This completes the proofs 
We would like to make the following observation concerning the dynamics of P : We showed that the hypercyclicity of P
is deduced, by a commutative diagram, from the one of the linear operator T = I + dB on 1(1/v) by Salas’s result [27].
Actually, Grivaux showed that I + dB is mixing [20, Lemma 2.3]. Therefore P is also mixing, and we obtain that every
separable inﬁnite dimensional Fréchet space E admits a mixing polynomial of arbitrary degree.
According to Devaney, a continuous map on a metric space is said to be chaotic if it is topologically transitive and admits
a dense set of periodic points [17]. Transitivity is equivalent to hypercyclicity in our setting, but our ideas in the previous
proof fail to provide chaotic polynomials since compact perturbations of the identity are never chaotic [22]. In this situation
the following question arises:
Problem. Does every separable inﬁnite dimensional Fréchet space admit a chaotic polynomial of degree d > 1?
The corresponding question for operators has a negative answer: There are separable inﬁnite dimensional Banach spaces
that admit no chaotic operator [11]. Our conjecture is that the answer to the above question is also negative, in general.
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